We resolve the thermal motion of a high-stress silicon nitride nanobeam at frequencies far below its fundamental flexural resonance (3.4 MHz) using cavity-enhanced optical interferometry. Over two decades, the displacement spectrum is well-modeled by that of a damped harmonic oscillator driven by a 1/f thermal force, suggesting that the loss angle of the beam material is frequency-independent. The inferred loss angle at 3.4 MHz, φ = 4.5·10 −6 , agrees well with the quality factor (Q) of the fundamental beam mode (φ = Q −1 ). In conjunction with Q measurements made on higher order flexural modes, and accounting for the mode dependence of stress-induced loss dilution, we find that the intrinsic (undiluted) loss angle of the beam changes by less than a factor of 2 between 50 kHz and 50 MHz. We discuss the impact of such "structural damping" on experiments in quantum optomechanics, in which the thermal force acting on a mechanical oscillator coupled to an optical cavity is overwhelmed by radiation pressure shot noise. As an illustration, we show that structural damping reduces the bandwidth of ponderomotive squeezing.
Introduction
Nanomechanical oscillators are widely used as resonant force detectors, achieving sensitivities as low as aN/ √ Hz by dint of their low mass and stiffness [1, 2] . The force sensitivity of a nanomechanical oscillator is fundamentally limited by its thermal motion, which, over a narrow band, is wellapproximated as the response to a Langevin force with a white noise spectrum [3, 4] , 
According to eq. (1), force sensitivity can be improved by reducing the mass (m), damping rate (Γ m ), and temperature (T ) of the oscillator. For an oscillator with frequency Ω m , the second factor corresponds to increasing the oscillator's quality factor, Q = Ω m /Γ m . Advances in nanomechanics have largely followed efforts to increase Q/m [5] .
In recent years, integration of high-Q nanomechanical resonators with high finesse optical cavi-1 E-mail: tobias.kippenberg@epfl.ch.
ties [6] has enabled thermal-noise-limited force measurements far from resonance [7] , as well as observation of radiation pressure shot noise, an example of quantum measurement back-action [8, 9] . These advances open the door to a new class of broadband, high sensitivity nano-optomechanical force sensors [10, 11] . They also offer the opportunity to study the quantum limits of force and displacement measurement [12, 13] , a subject with a rich history in the context of gravitational wave detection [14] .
For broadband force sensing using mechanical oscillators, an important consideration is the color (frequency-dependence) of the thermal force, which depends on that of the damping mechanism. In general the thermal force may be expressed as [3] 
where
is the oscillator susceptibility and φ[Ω] is a generally frequency-dependent loss angle. White thermal noise corresponds to a linear loss dispersion φ[Ω] = Q −1 ·Ω/Ω m , and arises for viscous (velocityproportional) damping mechanisms such as gas damping [15] . By contrast, in the absence of external loss, internal modes of a solid-state mechanical resonator typically exhibit a frequency-independent loss angle, φ[Ω] = Q −1 [3] -so-called "structural damping". The resulting pink (1/f , where f = Ω/2π) thermal force fundamentally limits force sensitivity at frequencies below the resonance. It also impacts the bandwidth of correlations produced by quantum-limited measurements, such as ponderomotive squeezing [16] in the context of cavity optomechanics [6] .
Though well-studied for precision macroscopic mechanical oscillators such as pendulum springs [17] [18] [19] [20] , little direct evidence of structural damping has been presented for nanomechanical oscillators. The challenge is two-fold: First, it is difficult to realize nanomechanical oscillators which are limited by internal loss. Second, it is difficult to resolve the thermal motion (x) of a nanomechanical oscillator far below resonance. To wit
which for a typical internal loss angle of φ = 10
implies a 70 dB reduction of thermal motion at frequencies one octave below resonance (Ω/Ω m < 0.1).
Here we study the broadband thermal motion of a high-stress silicon nitride (SiN) nanobeam, employing a microcavity-enhanced optical interferometer to achieve high sensitivity at frequencies two decades below the beams fundamental flexural resonance (3.4 MHz). The high signal-to-noise ratio over the large bandwidth allows us to directly distinguish between velocity and structural damping. In our measurements, we directly witness structural damping as a 1/f displacement noise spectrum from 50 kHz to 3.5 MHz. The calibrated magnitude of the noise is consistent with a loss angle of φ 0 = (3 ± 1.2) · 10 −6 , which agrees well with the value inferred from the near-resonant response of the fundamental mode. Notably, φ 0 is 80 times smaller than the typical loss angle of bulk SiN [21] . This is because stress increases the elastic energy stored in the beam, resulting in "dilution" of the intrinsic (unstressed) loss coefficient [22, 23] . Taking into account loss dilution and the measured Q of higher order flexural modes, we infer that the intrinsic loss angle of the beam material is nearly constant, (2.5 ± 1.5) · 10 −4 , between 50 kHz and 50 MHz. This finding is consistent with extensive measurements of Q factors of Si 3 N 4 beams and membranes [21, [23] [24] [25] [26] , and suggests that surface loss dominates at our beam thickness [21] .
In the following section we describe the experiment and measurement results in detail. In Section 3 we discuss the impact of structural damping on the performance of cavity optomechanical systems. We consider specifically a recently accessed regime in which the thermal force of a nanomechanical oscillator is overwhelmed by radiation pressure shot noise, giving rise to ponderomotive squeezing of the cavity light field. We show that structural damping in this case reduces the bandwidth over which squeezing can be observed.
Experimental details and results
An overview of the experiment is given in fig. 1 . The nanomechanical resonator used for our study is a 80-nm-thick, 200-nm-wide, 70-µm long beam made of high-stress (σ ≈ 0.8 GPa) Si 3 N 4 . To minimize gas damping ( fig. 2b, inset) , the beam is placed in a vacuum chamber at 5 · 10 −7 mbar, resulting in an internal-loss-limited damping rate of Γ m = 2π · 15 Hz for its fundamental flexural mode (Ω m = 2π · 3.4 MHz). To read out its motion, the beam is dispersively coupled to a high finesse silica microdisk cavity embedded in one arm of an balanced homodyne interferometer [29, 30] . Light coupled resonantly through the cavity (using a tapered fiber) experiences a phase shift δω c (t)/κ, where κ is the cavity decay rate and δω c (t) = Gx(t) is the cavity resonance frequency shift produced by out-ofplane deflection of the beam's midpoint x(t). The phase shift is enhanced by engineering the beam in the evanescent near-field of the microdisk [30] , resulting in a frequency pulling factor of G = 2π · 1.8 GHz/nm and a critically coupled cavity decay rate of κ = 2π · 4.5 GHz at an operating wavelength of λ = 780 nm. To convert the homodyne signal to cavity frequency noise units, a calibrated phase modulation tone is applied to the laser [30, 31] .
Thermal motion of the beam is observed in the output photocurrent of the homodyne detector. In general the photocurrent contains various noise components, which we distinguish using the sequence of measurements shown in fig. 1b . For the data shown, a cavity input (signal) power of 24 µW and a local oscillator (LO) power of 1 mW was used, both provided by a tunable diode laser. The relative phase (θ) of signal and LO beams was stabilized using a piezo-actuated mirror. Maximum sensitivity to the beam's motion is obtained on the phase quadrature, θ = π/2 (blue curve). Thermal motion of the fundamental mode is in this case visible as a Lorentzian noise peak in the photocurrent spectrum at 3.4 MHz. The imprecision (noise floor) of the measurement has contributions due to LO shot noise (red curve) and photodetector noise (gray curve), characterized by blocking the signal beam and both the signal and the LO beams, respectively.
To measure thermal motion of the nanobeam, shot noise is subtracted from the phase-quadrature signal spectrum in fig. 1b . An estimate of extraneous cavity noise, including termorefractive noise and thermomechanical noise of the disk modes, inferred from measurements made on a bare microdisk is also subtracted (see discussion below). The result is shown in blue in fig. 2a , in units of cavity frequency noise, S ωc [Ω] (right axis), and displacement noise,
(left axis). G is determined by normalizing the area underneath the fundamental noise peak to ω
, where T eff is the effective mode temperature. (For this task, laser power is reduced until radiation pressure damping is negligible, so that T eff ≈ 295 K). The absolute magnitude of G and S x [Ω] depends on the definition of the effective mass, m. For deflection of the midpoint of the beam, m = m phys /2 where m phys is the beam's physical mass. We assume the theoretical value m phys = 1.9 pg using a SiN density of 3100 kg/m 3 and taking into account a small defect in the center of the beam used to increase optomechanical coupling [32] .
The 1/f scaling of the apparent displacement noise spectrum at low frequencies suggests that the nanobeam is structurally damped. To support this hypothesis, we consider three pieces of evidence: (1) absence of systematic error which might otherwise produce the observed 1/f tail, (2) validity of the model for the mechanical susceptibility (eq. (2)b) based on a driven response measurement, and (3) correspondence between the apparent displacement noise and the thermal force model (eq. (2)a).
(1) Sources of systematic error which might produce the observed 1/f tail include non-uniform detector gain and extraneous low frequency noise. Non-uniform photodetector gain is inconsistent with the shot noise measurement, which is white within 15% from 10 kHz to 7 MHz. We therefore rule out this possibility. To estimate the contribution of extraneous noise, the frequency noise of a bare microdisk is measured. Within the entire measurement range the bare disk noise is at least 6 dB smaller than that of the beam-coupled microdisk, and, even at the highest frequency, at least 3 dB larger than the approximately constant ≈ 30 Hz/ √ Hz diode laser frequency noise [32, 33] . The magnitude and frequency dependence of this background is consistent with thermorefractive noise, a well-known limit to the stability of whispering gallery mode resonators [34, 35] . As shown in fig. 2 and fig. 3 , subtracting this noise leads to up to 30% reduction in the apparent loss angle. Finally, we note that thermal motion of high order beam modes also contributes to the low frequency noise spectrum. In our system, only odd- Light blue curve is the unprocessed homodyne signal spectrum. Blue and dark blue curves correspond to, respectively, spectrum after subtraction of the local oscillator and after subtraction of the estimated extraneous cavity noise (gray). Red (orange) curve is a structural (velocity) damping model (see main text for details). (b) Response of the cavity resonance frequency to a coherent radiation pressure force, used to estimate the susceptibility of the nanobeam, χ [Ω] . Measured response is shown in violet. Light and dark green curves are models of |χ[Ω]| which take into account only the fundamental mode and modes n = {1, 3, 5} of the nanobeam, respectively. Dashed gray curve is a fit of photothermal contribution. The inset shows measurements of Q versus gas pressure obtained from the width of the thermal noise peak. Blue points are measurements. Dashed red line is an analytical estimate taking into account both free space and squeeze-film gas damping [27, 28] .
ordered out-of-plane modes are coupled to the cavity. Relative to the fundamental mode, their contribution at low frequency scales as (1/n 3 ), where n is the mode order. The two nearest modes (n = {3, 5}) contribute less than 12%.
(2) To verify the form of the mechanical susceptibility in eq. (2), we monitor the response of the nanobeam to a controlled external force. The force is applied by injecting an auxiliary, amplitudemodulated laser field into the cavity at λ = 850 nm, resulting in a sinusoidal radiation pressure. The magnitude of the radiation pressure force is held roughly constant while sweeping its frequency between 10 kHz and 7 MHz. The apparent displacement response, shown in fig. 2b , agrees well with that of a damped harmonic oscillator (dark green trace) for frequencies above 50 kHz. Notably, the response function, in contrast to the thermal force, is insensitive to the frequency dependence of the loss angle as long as the loss is small (φ[Ω] 1). In particular, for Ω Ω m , the response should be nearly flat, i.e.
Deviation from eq. (5) is observed in the measured response below 50 kHz. The observed 1/f scaling is also present when the beam is absent, thus we attribute it to the photothermal response of the microdisk. Also shown in fig. 2b is a multimode susceptibility model, including n = 3, 5 modes with frequencies Ω
m and assuming m (n) = m (1) and Q (n) = Q (1) . Including these modes increases |χ[Ω Ω m ]| by 50%, which is significantly larger than the estimated contribution to thermal noise (< 12%) because susceptibilities add incoherently in the latter case.
(3) Having provided evidence that the origin of the 1/f photocurrent noise is thermomechanical in origin and that the susceptibility of the nanobeam is that of a damped harmonic oscillator, we now compare the thermomechanical noise to the generalized model from the fluctuation dissipation theorem (eq. (2)a):
here ignoring radiation pressure damping (since it only affects the spectrum near resonance). Yellow and red curves in fig. 2a are models for velocity and structural damping, respectively, using T = 295 K and Q = 2.3 · 10 5 . A clear deviation from the velocity-damping model is seen for Ω < Ω m . By contrast, the structural damping model matches the measured noise spectrum to within a factor of 2 over two decades in frequency. This correspondence suggests that the internal loss angle is approximately constant over the same frequency range.
The frequency dependence of φ should in princi- ple also be reflected in the Q dispersion of higher order flexural modes, provided they are limited by the same internal loss mechanism. Naively, it is expected that Q is mode-independent for a structurally damped resonator. Due to stress, however, internal loss of each mode is diluted by a factor D (n) σ depending on the mode shape and stress magnitude σ, resulting in an effective loss angle
where φ intr [Ω] is the intrinsic loss in the absence of stress [23, 36, 37] . In fig. 3 , we use eq. (7) is numerically calculated using a finite element model of the mode shapes [23] . The dilution factor is a weak function of n and is approximately D
−2 for the fundamental resonance. The inferred intrinsic loss angle φ intr [Ω < 2π · 3.4 MHz] ≈ 3 · 10 −4 agrees well with a recent survey of stressed SiN thin film resonators which attributes a significant fraction of the loss to surface material [37] . Remarkably, we find that φ intr remains constant to within a factor of 3 over the full four decade frequency window. Similar broadband structural damping behavior has been observed in high-stress wires made of fused silica [17, 38] , nylon [18] and tungsten [19] .
Discussion of implications for broadband quantum optomechanics
Thermomechanical noise fundamentally limits the performance of optomechanical transducers. We here consider two examples: quantum-enhanced force detection [39] and squeezed light generation [40, 41] using an optomechanical system. Both of these applications can be discussed in terms of homodyne measurement of the position of a mechancial oscillator. Such measurements are typically conducted in the unresolved-sideband regime, Ω m κ, with the laser driving the cavity on resonance. We limit discussion to this case.
Under the aforement conditions, the detected homodyne spectrum, normalized to the shot noise level, can be expressed as by [32] ,
where θ is the homodyne detection angle, η is the optical detection efficiency and n c is the average number of photons in the optical cavity. The oscillator motion is driven by a thermal force (and zero-point fluctuations in quantum case), as well as the quantum back-action of the measurement (radiation pressure shot noise). The resulting displacement noise spectrum is
where n th [Ω] = (exp( Ω/k B T ) − 1) −1 is the Bose thermal occupation of the oscillator and n QBA = κΩmφ[Ωm] n c is the phonon occupation due to measurement back-action (here x zpf = /2mΩ m is the RMS zero-point displacement). In addition to increasing the oscillator occupation, measurement back-action creates correlations between quadratures of the meter optical field represented as the second term in brackets in the eq. (8) . These correlations can be negative and, if the measurement is sufficiently strong, they can reduce the homodyne noise below the shot noise level (a signature of having created a squeezed state of light), or they can improve signal-to-noise ratio in detection of external force acting on the oscillator (an example of quantum-enhanced force sensing [39] [32] . When restricting the frequency range of interest to around the mechanical resonance, dispersion of the loss angle can be safely neglected in most cases and the thermal noise be treated as white n th [Ω] ≈ n th [Ω m ]. However, at large measurement strength, when n QBA n th [Ω m ], broadband optomechanical quantum correlations gradually become accessible and the full frequency dependence of thermal noise should be taken into account. In the case of white thermal noise, the range over which squeezing can be observed increases as
and for the quantum-enhanced force sensitivity,
This imposes an additional requirement of n QBA > Q for observation of, e.g, squeezing at near zero frequency. This conclusion, however, is strongly altered if the oscillator dissipation has pronounced frequency dependence. In this case the maximum squeezing level is deteriorated by a factor
) and the criterion for its observation at low frequencies (Ω Ω m ) becomes
This same condition holds for the ability to perform variational measurements at frequencies below mechanical resonance. In the case of structural damping it becomes increasingly demanding at lower frequencies since, n th ≈ k B T / Ω.
The consideration above applies to high-Q mechanical oscillators, which are currently the only practically relevant systems for optomechanics in the quantum regime.
In the case of a viscously damped oscillator, the consequence of high-Q is that χ[Ω] can be treated as purely real far below resonance (
. Given that it is the real part of the mechanical susceptibility that leads to ponderomotive squeezing via the correlation term in eq. (8), the degree of squeezing generated by a viscously-damped oscillator is simply limited by the ratio n QBA /n th , and the detection efficiency η alone. However, for a structurally damped oscillator, the mechanical susceptibility far below resonance χ struct [Ω on the maximum degree of squeezing. Specifically, this limits the achievable squeezing at DC, which has so far only been theoretically treated under the assumption of a viscously-damped oscillator [40, 41] .
Conclusion
We have presented evidence that high-stress Si 3 N 4 nanobeam resonators undergo dissipation that to a good precision can be described by a frequency-independent loss angle. Our measurements suggest that such "structural damping" is an intrinsic property of Si 3 N 4 thin films, supporting available data from literature on frequency scaling of the intrinsic quality factor. Correspondingly, the familiar assumption of a white thermal force is not applicable to Si 3 N 4 nanomechanical resonators (e.g. nanobeams and nanomembranes) over a broad range of frequencies. This may result in an underestimate of the thermal motion at low frequencies. Our results may also be viewed as a direct observation of a specific type of non-Markovian coupling between a nanomechanical oscillator and its environment, complementing recent findings based on statistical analysis of near-resonant noise spectra [46] . Finally, we discuss the implications of structural damping for broadband operation of an optomechanical system in the quantum regime. We theoretically show the effect of structural damping is to limit the degree of quantum correlations of light imparted by the optomechanical interaction at frequencies Ω Ω m . Practically however, contemporary systems are far from reaching these limits.
